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HOLOMORPHIC 1-FORMS ON THE MODULI SPACE OF CURVES
FILIPPO FRANCESCO FAVALE, GIAN PIETRO PIROLA, AND SARA TORELLI
Abstract. Since the sixties it is well known that there are no non-trivial closed holomorphic 1-forms
on the moduli spaceMg of smooth projective curves of genus g > 2. In this paper we strengthen such
result proving that for g ≥ 5 there are no non-trivial holomorphic 1-forms. With this aim, we prove
an extension result for sections of locally free sheaves F on a projective variety X. More precisely, we
give a characterization for the surjectivity of the restriction map ρD : H
0(F) → H0(F|D) for divisors
D in the linear system of a sufficiently large multiple of a big and semiample line bundle L. Then, we
apply this to the line bundle L given by the Hodge class on the Deligne Mumford compactification of
Mg.
Introduction
Let X be a n-dimensional smooth irreducible projective variety defined over an algebraically closed
field k. We will say that a vector bundle F over X is liftable with respect to a line bundle L (or
L-liftable in short) if there exists a positive integer m0 such that the restriction map
ρD : H
0(F)→ H0(F|D)
is an isomorphism for any divisor D ∈ |Lm| and for m ≥ m0 (see Definition 1.1). Surjectivity for
m large enough, is not garanteed, in general: further positivity assumptions on L are needed. For
instance, F is L-liftable as soon as L is ample, by Serre’s criterions of vanishing and duality. One
can furthermore relaxes this up to (n− 2)-ampleness (see [Som78b]). The first intent of this paper is
to characterize L-liftability for big and semiample line bundles. We recall that L is semiample if for
some suitable d > 0, ϕ|Ld| : X → PH
0(Ld)∗ = PN is a morphism. By a result of Sommese ([Som78b]),
the (n − 2)-ampleness for a semiample L is equivalent to having no divisors contracted to points by
ϕ|Ld|. We will show that, in the general case, the divisors contracted to points play a crucial role in
Theorem 1.2 which can be stated as:
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Theorem. Let L be a big and semiample line bundle on X and let E be the divisor of X contracted
to points by ϕ|Ld| for d large enough. Then a locally free sheaf F on X is L-liftable if and only if for
all m > 0 the maps H0(F)→ H0(F(mE)) are surjective.
The proof uses the Theorem of formal functions ([Har77, III.11]). It is not surprising then that in
the classical case, that is when k is the field of complex numbers, the above statement translates into
a sort of a concavity result. We borrow the terminology from complex analysis and geometry (see, for
example [And63,AG62,Som78a]) and say that F is L-concave if for any divisor D ∈ |La| with a ≥ 1
and any open connected neighborhood U of D the restriction map
ρU : H
0(F)→ H0(F|U )
is surjective and therefore an isomorphism (see Definition 1.5). The open subset U , indeed, behaves
in a similar way of a concave set in an analytic space ([And63]).
We have the following (see Theorem 1.6):
Theorem. Let X be a smooth complex projective variety and let L be a big and semiample line bundle
on X. Then, a vector bundle F on X is L-liftable if and only if it is L-concave.
In Section 2 we give examples of surfaces to add value the above results. We investigate more
precisely the cotangent bundle Ω1S of a smooth projective surface S and show that such a sheaf can be
either L-concave or not with respect to a big and semiample line bundle L. We furthermore raise some
questions about surfaces in the Noether-Lefschetz locus of P3 (see Question 2.5). The importance of
the cotangent bundle in this paper is much deeper and will appear evident in a moment.
We are aware, also in view of the results of Totaro [Tot13] and Ottem [Ott12], that it could be
really interesting to remove the semiampleness. This seems to us technically difficult at the moment
and not necessary to tackle the problem that motivated all these studies.
Let us introduce our motivating problem. Let π : C → B be a smooth family of compact Rie-
mann surfaces of genus g. During the preparation of [BCFP], Indranil Biswas explained to the second
author of this article that C∞-families of projective structures on Ct = π
−1(t), with t ∈ B, are in
one to one correspondence with ∂-closed C∞ (1, 1)-forms on B with fixed cohomology class, modulo
holomorphic (1, 0)-forms of B. For details, see Section 3 of [BCFP]. He raises then the problem of the
existence of global holomorphic forms on Mg, the moduli space of compact Riemann surfaces, that is
of smooth complex projective curves, of genus g.
It is well known, at least since Mumford [Mum67], that there are no closed holomorphic 1-forms
on Mg, and a proof of this will be outlined in Section 3. We could not find any result in literature
concerning non-closed holomorphic forms. Our result, which can be seen as a concavity result, is the
following (see Theorem 3.1):
Theorem. Let Mog ⊂ Mg be the smooth locus. Then for g ≥ 5, M
o
g has no holomorphic 1-forms,
that is H0(Ω1Mog) = 0.
The proof uses the Deligne-Mumford M
DM
g and Satake and M
Sat
g compactifications of Mg, and the
Satake map τ :M
DM
g →M
Sat
g . Since M
Sat
g is a projective variety, we may intersect M
Sat
g with suitable
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general 3g − 5 and 3g − 4 hyperplanes, respectively. By taking the inverse image on M
DM
g , we reduce
our problem to curves and surfaces in M
DM
g . We call these, respectively, H-surfaces and H-curves. It
is easy to show that for g > 3 the general H-curve is contained in Mog and that a general H-surface
intersects the boundary of M
DM
g only on ∆1, the locus of stable curves with an elliptic tail. We apply
our Theorem 1.2 to a general H-surface S and L = OS(C), with C general H-curve contained in S.
Using the fact that the contracted divisor is exaclty E = ∆1 ∩ S, we show that Ω
1
S is L-liftable and
H0(Ω1S) = 0.
We strengthen the above result by proving the following theorem which has the flavour of a concavity
result (see Theorem 3.9):
Theorem. Let C be a H-curve and let U ⊂ Mog be a connected open neighborhood of C for the
classical topology. Then, for g ≥ 5, H0(Ω1U ) = 0.
Our last result, contained in Subsection 3.4, is an extension of Theorem 3.1 to the case of moduli
of marked curves. More precisely, if Mog,n is the smooth locus of Mg,n, we have the following (see
Theorem 3.10):
Theorem. Let g ≥ 5. Then H0(Ω1Mog,n) = 0, for all n ≥ 0.
The proof is straightforward, but uses the extra-ingredient of the infinitesimal variation of Hodge
structures. We would also like to mention that the existence of possibly non closed holomorphic forms
in a neighborhood of a compact curve plays a subtle role in the infinitesimal variation of its periods
([PT20,GAST19,GAT,FT17]). This will not be discussed here, but we plan to return to the subject in
the near future. Similar results should hold at least for many families of curves, for instance the case
of smooth plane curves is treated implicitly in [FNP18] and [PT20]. However, the most interesting
problem arising from our result would probably be to consider holomorphic p-forms on the moduli
space of curves. The methods used for 1-forms seem to us insufficient at the moment to deal with
these more general cases.
1. Surjectivity of restriction maps
Through all this section X will be a smooth projective variety of dimension n ≥ 2 over an alge-
braically closed field k. Let L be a big and semiample line bundle on X and fix an integer d ∈ N such
that the morphism
ϕ|Ld| : X → PH
0(Ld)∗ = PN
is birational onto its image. Denote by Y the image of ϕ|Ld| and by ψ : X → Y the birational
morphism that factors ϕ|Ld| through the inclusion i : Y → P
N . Let E ⊂ X be the divisor contracted
to points by ψ and denote by Ei the connected divisor contracted to the point pi.
Let F be a locally free sheaf on X. For a large enough consider Da ∈ |L
a|. Consider the short exact
sequence induced by OX(−Da) ⊂ OX and twisted with F
(1) 0→ F(−Da)→ F → F|Da → 0.
Definition 1.1. We say that F is L-liftable if the map
(2) ρa : H
0(F)→ H0(F|Da)
4 FILIPPO FRANCESCO FAVALE, GIAN PIETRO PIROLA, AND SARA TORELLI
induced by (1) is an isomorphism, for all a large enough and any Da ∈ |L
a|.
Consider also the short exact sequence
(3) 0→ F → F(mE)→ F(mE)|mE → 0.
This section is dedicated to prove the following Theorem.
Theorem 1.2. F is L-liftable if and only if for m ≥ 0, τm : H
0(F) → H0(F(mE)) induced by (3)
is surjective.
Observe that injectivity holds as soon as a is large enough since H0(F(−Da)) = 0. Hence, L-
liftability is a property concerning the surjectivity of that map. We thus have to study the injectivity
of the map H1(F(−Da)) → H
1(F), which is equivalent, by Serre duality, to the surjectivity of
Hn−1(E)→ Hn−1(E ⊗ La), where we denote E = F∗ ⊗ ωX . We first compute H
n−1(E ⊗ La).
Lemma 1.3. For a large enough Hn−1(E ⊗ La) ≃ H0(Rn−1ψ∗E). Moreover, G = R
n−1ψ∗E is a sum
of skyscraper sheaves Gi supported on the images pi of the divisors Ei contracted to points by ψ.
Proof. Let H ′ = OY (1). By construction H
′ is ample on Y and ψ∗OY (1) = L
d. Write a as dq + r
with 0 ≤ r < d. Applying the projection formula, we have
Rpψ∗(E ⊗ L
a) = Rpψ∗(E ⊗ L
dq+r) = Rpψ∗(E ⊗ L
r ⊗ ψ∗(qH ′)) = Rpψ∗(E ⊗ L
r)(qH ′).
As a is large enough we can apply Serre criterion on H ′ to obtain
H i(Rpψ∗(E ⊗ L
a)) = H i(Rpψ∗(E ⊗ L
r)(qH ′)) = 0,
for i > 0 and any p. Then, all terms in the Leray spectral sequence are zero except H0(Rn−1ψ∗(E⊗L
a))
that is mapped to zero by the differential. So we get the isomorphism
Hn−1(E ⊗ La) ≃ H0(Rn−1ψ∗(E ⊗ L
a)).
Consider the sheaf G = Rn−1ψ∗(E ⊗ L
a). If y ∈ Y is different from pi for all i, then the fiber of ψ
over y is a subvariety of X of codimension at least 2. Hence, the stalk of G in y is 0. This proves
also that G is a sum of skyscraper sheaves Gi with support on the points pi. But now L
a|Ei = OEi , so
G = Rn−1ψ∗(E ⊗ L
a) = Rn−1ψ∗E . 
Observe now that for all Da ∈ |L
a| we have F(mE)|Da ≃ F|Da . Indeed, since ODa(mE) ≃ ODa
clearly holds for the general Da (since the general element of |L
a| is disjoint from E) we can conclude
that holds for all Da (by Seesaw Theorem). Thus, using the map OX(−mE) →֒ OX , the short exact
sequences (2) and (2) twisted by OX(mE) fit into the commutative diagram
(4) 0 // F ⊗ L−a // _

F
ρa //
 _

F|Da
≃

// 0
0 // F(mE) ⊗ L−a // F(mE) // F|Da // 0
that induces in cohomology
(5) H0(F ⊗ L−a) 
 //
 _

H0(F)
ρa //
 _
τm

H0(F|Da) //
≃

H1(F ⊗ L−a)
ηa // H1(F)
H0(F(mE)⊗ L−a) 
 // H0(F(mE))
ρ′
a // H0(F|Da)
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Futhermore, τ∗m fits into the following exact sequence induced by OX(−mE) →֒ OX twisted by E
(6) · · · → Hn−1(E)
δm−−→ Hn−1(E|mE)→ H
n(E(−mE))
τ∗m−−→ Hn(E)→ · · · .
We summarize two results which stem from the above discussion in the following Lemma.
Lemma 1.4. The following equivalent conditions hold:
(1) the surjectivity of ρa is equivalent to the surjectivity of η
∗
a : H
n−1(E)→ Hn−1(E ⊗ La);
(2) the surjectivity of τm is equivalent to the surjectivity of δm : H
n−1(E)→ Hn−1(E|mE).
Proof of Theorem 1.2. Assume first that ρa is surjective. We prove that τm is surjective. By Diagram
5,
H0(F)
τm

ρa // H0(F|Da)
≃

H0(F(mE) ⊗ L−a) 
 // H0(F(mE))
ρ′a // H0(F|Da)
As ρa is surjective, also ρ
′
a ◦ τm is surjective. But now the kernel of ρ
′
a is H
0(F(mE)⊗L−a) and it is
trivial for a large enough. Hence τm is surjective.
Let us now prove the other implication. Assume that τm is surjective. We prove that ρa is surjective.
Equivalently, by Lemma 1.4, it is enough to prove that η∗a : H
n−1(E) → Hn−1(E ⊗ La) is surjective.
By Lemma 1.3 we can write H0(Rn−1ψ∗E) =
⊕
i(R
n−1ψ∗E)pi because (R
n−1ψ∗E)pi is skyscraper
supported on the points pi images of contracted divisors and η
∗
a as
(7) η∗a : H
n−1(E)→
⊕
i
(Rn−1ψ∗E)pi .
To prove the surjectivity of (7) we use the machinary of inverse limits and the Theorem of formal
functions (see [Gro61][(4.1.5),(4.2.1)] and [ [Har77][III, Theorem 11.1]).
We now introduce two inverse systems of K-vector spaces B and C. The first one, B = (Bk)k∈N,
is the constant inverse system with Bk = H
n−1(E) and maps bk = id : Bk → Bk−1, for all k. In
order to define the second one, C = (Ck)k∈N, we set Ck = H
n−1(E|kE) and we construct the maps
ck : Ck → Ck−1 as follows. Consider for any k ≥ 1 the commutative diagram
(8) 0 // E(−kE) //
 _

E //
id

E|kE //
c′k

0
0 // E(−(k − 1)E) //

E // E|(k−1)E // 0
E(−(k − 1)E)|E
where the two rows are defined by OX(−lE) ⊂ OX twisted with E for l = k and l = k−1 respectively,
the first column by OX(−E) ⊂ OX , the second column is given by the identity and the map c
′
k in the
third column is that one letting the diagram commutative. As the vertical arrow in the first column
is an injection and that one in the second column is the identity, c′k is surjective and its kernel is
isomorphic to E(−(k − 1)E)|E . Hence, the last column induces the exact sequence
(9) · · · → Hn−1(E(−(k − 1)E)|E)→ H
n−1(E|kE)
ck−→ Hn−1(E|(k−1)E)→ 0
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where the last 0 follows as E(−(k−1)E)|E has support on a divisor. So the map ck are epimorphisms.
Consider now the morphism δ : B→ C of inverse systems defined by the maps
(10) δm : H
n−1(E)→ Hn−1(E|mE)
of Lemma 1.4. These are surjective for m sufficiently large by Lemma 1.4, since by assumption
τm : H
0(F)→ H0(F(mE)) is surjective for m large enough.
Since δm is surjective only for m large enough, δ is not a surjective map of inverse system as it is.
To avoid this issue, we define an inverse subsystem D = Im(δ) = (Dk)k∈N of C in the following natural
way. Let A = ker(δ) = (Ak)k∈N so that we have an exact diagram of inverse systems of vector spaces
0 // A // B //
δ   ❅
❅
❅
❅
❅
❅
❅
❅
D // _
ι

0
C
As Dk → Ck are isomorphisms for k large enough, we obtain that the limits lim←−D and lim←−C are
isomorphic. The inverse system A is an inverse system of finite dimensional vector spaces and so it
satisfies the Mittag-Leffler condition. We can thus apply [Har77][II, Prop 9.1(b)] to conclude that
Hn−1(E) = lim
←−
B // // lim
←−
C = lim
←−
Hn−1(E|kE)
is surjective. Write lim
←−
Hn−1(E|kE) =
⊕
i lim←−
Hn−1(E|kEi). By [Har77][III, Prop. 8.5] and page
277], the vector space Hn−1(E|kEi) has a natural structure of OY,pi-module, which is compatible
with the structure of C-vector space. Thus we can apply the Theorem of formal functions (see
[Gro61][(4.1.5),(4.2.1)] and [Har77][III, Theorem 11.1]) to Rn−1ψ∗E to conclude that (R
n−1ψ∗E )ˆpi =
lim
←−
Hn−1(E|kEi). Then, we have a surjection
Hn−1(E)→
⊕
i
(Rn−1ψ∗E)
ˆ
pi =
⊕
i
(Rn−1ψ∗E)pi ⊗ OˆY,pi .
As the surjection is induced by the surjectivity of the morphism δm of vector spaces, we can then
conclude that the above surjectivity yields the surjectivity of
Hn−1(E)→
⊕
i
(Rn−1ψ∗E)pi ,
that is the surjectivity of η∗a. 
1.1. A concavity result.
From now on we assume k = C. We will prove a result, which is of analytic kind, by applying the
algebraic results stated in Theorem 1.2. Let L be a line bundle on a smooth projective variety X of
dimension n. Motivated by the classical notion of concavity (see [And63,AG62,Som78a]), we give the
following definition.
Definition 1.5. We say that a locally free sheaf F on X is L-concave if for any D ∈ |La| with
a ≥ 1 and any open connected neighborhood U of D, with respect to the analytical topology, we have
H0(F) = H0(F|U ).
Theorem 1.6. Let L is big and semiample line bundle. Then, a locally free sheaf F is L-liftable if
and only if F is L-concave.
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Proof. Assume first that F is L-liftable. It is not restrictive to assume a = 1. Take D ∈ |L| and
let U be an open connected neighborhood of D with respect to the analytical topology. Since F is
L-liftable, there is m0 ∈ N such that H
0(F) ≃ H0(F|mD) for all m ≥ m0. In particular, we have that
H0(F|m0D) ≃ H
0(F|(m0+k)D) for k ≥ 0. We have to show that the restriction H
0(F) → H0(F|U ) is
surjective. Fix a section ω ∈ H0(F|U ) and let ωm ∈ H
0(F|mD) be its restriction. If α ∈ H
0(F) is the
lift of ωm0 , we have that, for all m ≥ m0, α|U − ω ∈ H
0(F|U ) restricts to zero in H
0(F|mD). Thus,
the series expansion of α|U −ω in a local coordinate neighborhood of the generic point of U vanishes.
Therefore since U is connected α|U − ω = 0.
Now assume that F is not L-liftable. Since L is big and semiample, by Theorem 1.2 there is a non
zero effective divisor E contracted by ϕ|Ld| for d >> 0, and a section α ∈ H
0(F(mE)) \H0(F) for
some integer m > 0. Set U = X \E and D ∈ |Ld| such that D∩E = ∅. Then U is an open connected
neighborhood of D. By construction the restriction α|U defines a section of H
0(F|U ) that cannot be
extended to H0(F). 
2. Examples in dimension two
In this section we analyse Theorem 1.2, when the variety is a surface S and F = Ω1S is its cotangent
bundle. The (1.2) can be restated here as follows.
“Let S be as surface and let L, and E be as in Theorem 1.2. Then Ω1S is not L-liftable if and only if
there exists m > 0 such that h0(Ω1S(mE)) > h
0(Ω1S).”
We will give examples of surfaces S for which Ω1S is L-liftable and cases for which it is not.
2.1. The non liftable case: projective bundles over curves and coverings. We will use well
known results about projective bundles. The reader can refer to [Har77, V.2] for the details. Let B be
a smooth projective curve of genus g ≥ 2. We fix a globally generated line bundle M of degree d > 0
with h1(M) > 0. Then one has 0 < d ≤ 2g−2 and d = 2g−2 if and only if M = ωB. We can consider
the vector bundle V = OB ⊕M
−1 on B. It is the only decomposable normalized1 vector bundle of
rank 2 on B such that c1(V) = M
−1. Let S = P(V)
f
−→ B and consider the section corresponding to
the inclusion OC →֒ V. Its image is an effective curve E such that E
2 = −d. Set L = OS(E) ⊗ f
∗M
and take H ∈ |L|.
Proposition 2.1. The surface S is a minimal ruled surface. L is big and nef, |L| is base point free
and Ω1S is not L-liftable.
Proof. Let C ⊂ S be an irreducible effective curve. If C = E, since OE(E) ≃ OB(M
−1), we have
H · C = 0. If C is multiple of the fiber F of f , then H · C ≥ 0. In the other cases we have C · E ≥ 0
and C · aF ≥ 0 so H · E ≥ 0. This proves that H is nef. Since H2 = d we have that H is also big.
Let p ∈ S. Since |M | is base point free by assumption and E+ |f∗M | is a subsystem of |L|, we have
that if p is a base point of |L|, then necessarily p ∈ E. On the other hand, since V is decomposable,
we have an exact sequence
(11) 0→ H0(OS(H − E))→ H
0(OS(H))→ H
0(OE)→ 0
1Recall that a vector bundle E on a curve B is normalized if h0(E) 6= 0 and, for all line bundle M of negative degree,
h0(E ⊗M) = 0.
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so there exists a section s of L = OS(H) that is not zero at any point of E. Hence |L| is base point
free as claimed. Since H ·E = 0, for a ≥ 1, the morphism ϕ|La| contracts E.
We have R1f∗OS = 0 since the fibers of f are projective lines. Then, using the Leray spectral
sequence, we obtain h0(Ω1S) = g. Hence, in order to show that Ω
1
S is not L-liftable it is enough to
show that h0(Ω1S(E)) > g. Consider the relative cotangent sheaf Ω
1
S/B. It is a line bundle on S such
that
Ω1S/B = ωS ⊗ f
∗ω−1B = OS(−2E) ⊗ f
∗M−1 = OS(−H −E).
If we twist the cotangent sequence by E we obtain
0→ H0(OS(E)⊗ f
∗ωB)→ H
0(Ω1S(E))→ H
0(Ω1S/B(E)) = H
0(OS(−H)) = 0
and so H0(Ω1S(E)) ≃ H
0(OS(E) ⊗ f
∗ωB). Then, as f∗OS(E) = V, we can write h
0(Ω1S(E)) =
h0(ωB) + h
0(ωB ⊗M−1) = g + h1(M). As h1(M) > 0 by assumption, we proved the claim. 
Now, we want to produce other examples for which the liftability property of the cotangent sheaf
does not hold. Consider a generically finite projective morphism π : Sˆ → S such that the branch
divisor D is smooth and different from E. Set Eˆ = π∗E, Hˆ = π∗H and Lˆ = π∗L.
Proposition 2.2. The line bundle Lˆ is big and nef, |Lˆ| is base point free and ϕ|Lˆa| contracts Eˆ for
a ≥ 1. Moreover, Ω1
Sˆ
is not Lˆ-liftable.
Proof. Since π is surjective and generically finite, we have that Lˆ is nef and big and that the linear
system |Lˆ| is base point free. Since π∗ commutes with the intersection product we have 0 = π∗(H ·E) =
π∗(H) · π∗(E) = Hˆ · Eˆ so Eˆ is contracted by ϕ|Lˆa| for a ≥ 1. As the branch divisor of π is different
from E we have that if η ∈ H0(Ω1S(E)) \H
0(Ω1S) then π
∗η ∈ H0(Ω1
Sˆ
(E)) \H0(Ω1
Sˆ
). This proves that
Ω1
Sˆ
is not Lˆ-liftable. 
We conclude this section by constructing examples of cyclic covering of S. These give elliptic fibra-
tions and surfaces of general type. We will use some results about cyclic coverings which can be found
in [BHPVdV04, I.17].
Recall that L is base point free. Then, by Bertini’s theorem, for each n there exists a smooth
irreducible curve Cn ∈ |L
n|. Hence, for all n ≥ 1, we can construct a cyclic covering π : Sˆ → S
of degree n with branch Cn. Since Cn is smooth, it does not intersect E for all n so we can apply
Proposition 2.2 in order to prove that Ω1
Sˆ
is not Lˆ-liftable.
Proposition 2.3. Consider the cyclic coverings above with branch Cn. Then
(a) for all n ≥ 1, fˆ = f ◦ π is a fibration;
(b) the general fiber of fˆ is smooth of genus (n−1)(n−2)2 ;
(c) Sˆ is an elliptic fibration for n = 3 and of general type for n ≥ 4.
Proof. (a) The line bundle L restricted to the fibers of f has positive degree (more precisely, H ·F = 1)
and we have
fˆ∗OSˆ = f∗(π∗OSˆ) = f∗
(
n−1⊕
k=0
L−k
)
=
n−1⊕
k=0
f∗(L
−k) = f∗OS = OB
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Hence fˆ is proper and surjective and has connected fibers as well, i.e. it is a fibration.
(b) The general fiber F of S intersect Cn transversally in nH ·F = nE ·F = n points so Fˆ = π
−1(F )
is a covering of F totally ramified on n points and unramified outside these n points. From Riemann-
Hurwitz we obtain that the genus of the general fiber Fˆ of fˆ is
g(Fˆ ) =
(n− 1)(n − 2)
2
.
Singular fibers of fˆ correspond to fibers of f which have non transversal intersection with Cn. Notice,
in particular, that g(Fˆ ) = 1 if n = 3.
(c) By (b), Sˆ is an elliptic fibration for n = 3. Assume now n ≥ 4. We want to show that ωSˆ is
ample. As Sˆ is a cyclic covering of S of order n we have ωSˆ = π
∗(ωS ⊗ L
n−1). Since
ωS ⊗ L
n−1 = OS((n− 3)E) ⊗ f
∗(ωB ⊗M
n−2),
by [Har77, V.2, Prop 2.20] we have that ωS ⊗ L
n−1 is ample as soon as n ≥ 4. Then, being π finite
and surjective, we have that ωSˆ is big and Sˆ is of general type. 
2.2. The liftable case: surfaces in the Noether-Lefschetz locus.
We analyze some surfaces S in P3 with Ω1S that is L-liftable for a suitable nef, big and semiample line
bundle L. In order to find interesting examples one needs to consider surfaces in the Noether-Lefschetz
locus as, otherwise, all big line bundles on S would be multiples of the hyperplane class (see [Voi07, I,
3.3] for details).
More precisely, S will be a general surface in the Noether-Lefschetz locus of sextic surfaces which
contains a quartic plane curve E. These surfaces have Picard rank 2 and NS(S) spanned by the
hyperplane class H and by E (see [Lop91]). An extremal ray for the cone of effective curves on S is
E itself as E2 = −4 whereas the other one is the residual intersection of the hyperplane containing
E and S, which is a conic R with self intersection R2 = −6. It is easy to see that OS(H + E) and
OS(4H −E) (contracting E and R respectively) are, up to multiples, the only line bundles which are
nef, big, semiample (actually, globally generated) but not ample.
Proposition 2.4. The cotangent bundle Ω1S is L-liftable for L equal to OS(H +E) and OS(4H −E).
Proof. We will prove L-liftability of Ω1S for L = OS(H+E). With the same techniques, one can prove
the result for OS(4H −E).
As h0(Ω1S) = 0, by Theorem 1.2, it is enough to show that h
0(Ω1S(mE)) = 0 for m large enough.
The sequence h0(Ω1S(mE)) is non decreasing. We claim that it is stationary from m = 1 onwards. To
see this we consider the cotangent bundle sequence of E in S and twist it with mE, i.e. the sequence
0→ OE((m− 1)E)→ Ω
1
S(mE)|E → ωE(mE)→ 0. This yields
0→ H0(OE((m− 1)E))→ H
0(Ω1S(mE)|E)→ H
0(ωE(mE))→ · · · .
Form ≥ 2 we have that both degE((m−1)E) and degE(ωE(mE)) are negative so we have h
0(Ω1S(mE)|E) =
0. Hence, form the exact sequence
0→ OS((m− 1)E)→ OS(mE)→ OE(mE)→ 0
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twisted by Ω1S we get h
0(Ω1S(E)) = h
0(Ω1S(mE)) for all m ≥ 1. Hence, it is enough to show that
h0(Ω1S(E)) = 0.
The restriction of the Euler sequence on P3 to S twisted by E yields an exact sequence
0→ H0(Ω1
P3
(E)|S)→ H
0(OS(−H + E))
⊕4 → H0(OS(E))→ · · ·
which gives us h0(Ω1
P3
(E)|S) = 0 as −H + E is not effective. If we denote by N
∗
S/P3 the conormal
bundle of S in P3, we can write the cotangent sequence of S in P3 twisted by OS(E) as
0→ N∗S/P3(E)→ Ω
1
P3
(E)|S → Ω
1
S(E)→ 0.
As h0(Ω1
P3
(E)|S) = 0, this gives an injection H
0(Ω1S(E)) →֒ H
1(N∗S/P3(E)). Hence, we are done if we
prove that H1(NS/P3∗(E)) = 0. Indeed, we have H
1(N∗S/P3(E)) = H
1(OS(−6H + E)) which is 0 by
Kodaira vanishing since 6H − E is ample. 
Besides the sextic surfaces containing a plane quartic, we have studied other components of the
Noether-Lefschetz locus. We could not find any pair (S,L) for which Ω1S is not L-liftable. Motivated
by this, we pose the following question:
Question 2.5. Is there any surface S in P3 with a nef, big and semiample line bundle L for which
Ω1S is not L-liftable?
3. Holomorphic one forms on Mog
Let Mg be the coarse moduli space of smooth complex projective curves of genus g ≥ 2. We will
use some classical results about Mg and its compactifications. The reader can refer to [ACG11] and
[HM98]. The variety Mg is a quasi-projective and for, g ≥ 4, the locus M
o
g ⊂ Mg of smooth points
consists exactly of those points parametrizing curves with trivial automorphism group. Furthermore,
the singular locus Msingg =Mg \M
o
g has codimension g − 2, since its largest subvariety is the hyper-
elliptic locus.
We are interested in studying the cotangent bundle Ω1Mog . Our result is the following:
Theorem 3.1. For g ≥ 5, Mog has no holomorphic forms, that is H
0(Ω1Mog) = 0.
It is well known (see [Mum67]) that Mog has no closed holomorphic 1-forms with respect to the de-
Rham differential. For completeness, we will briefly recall this in Theorem 3.3. Nevertheless, H0(Ω1Mog)
could still be non zero sinceMog is not compact and so holomorphic forms are not automatically closed.
To prove the result, we need to use two classical compactifications of Mg that we recall now. The
first one is the Deligne-Mumford compactification M
DM
g (see [HM98], [ACG11]), which is defined as
the coarse moduli space of stable curves of genus g. It is a projective variety and the boundary
∂M
DM
g =M
DM
g \Mg is
∆ = ∆0 ∪∆1 ∪∆2 ∪ · · · ∪∆[g/2].
It is build up as union of divisors ∆i, for i = 0, 1, . . . , [g/2], characterized as follows. The generic point
of ∆0 represents the class of an irreducible nodal curve with a single node and arithmetic genus g.
The generic point of ∆i with i > 1 represents the class of a nodal curve with two smooth components
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of genus i and g − i, respectively, meeting at a single node. Let H be the Hodge class and recall that
∆1 is divisible by 2 in the Picard group of M
DM
g . The canonical class of M
DM
g can be written as
K
M
DM
g
= 13H −
3
2
∆1 − 2∆0 − 2
[g/2]∑
i=2
∆i = 13H − 2∆ +
1
2
∆1.
The second compactification is M
Sat
g . It has been constructed by Satake ([Sat56]). Baily-Borel
([BB66]) and Igusa ([Igu67]) have proven that it is projective. Let A
Sat
g be the Satake compactification
of Ag and let τ : M
DM
g → A
Sat
g be the morphism defined, set theoretically, by sending a stable curve
to the Jacobian of its normalization. Then M
Sat
g is defined as the image of τ . Furthermore, τ is a
birational morphism that is injective on Mog by the Torelli Theorem and contracts the divisor ∆1 to
a subvariety of M
Sat
g of codimension 2. Whereas, if i 6= 1, ∆i is contracted to a subvariety having
codimension 3. The Hodge class HSat on A
Sat
g is ample and its pullback on M
DM
g is the Hodge class
H, which is big and semiample. In other words, the morphism induced by a suitable multiple of H
factors as in the following diagram:
M
DM
g
τ
&& &&▼▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼ τ
//
)
	
ϕ|aH|
''
A
Sat
g
 
ϕ|aHSat|
// PN
M
Sat
g
?
OO
We give the following definition:
Definition 3.2. Let ϕ|aH| : M
DM
g → P
N be the map introduced above and let L ⊂ PN be a linear
subspace of codimension d. We set XL = ϕ
−1
|aH|(L) and say that XL is an H-variety if dimXL =
3g − 3− d. In particular, for d = 3g − 5, XL is an H- surface and for d = 3g − 4 it is an H-curve.
3.1. Closed holomorphic forms on Mog.
Let d : OMog → Ω
1
Mog
be the holomorphic de Rham differential. We denote by Ω1Mog,c the image sheaf
of d, which is nothing else but the sheaf of d-closed holomorphic 1-forms on Mog.
Theorem 3.3. If g ≥ 4, then H0(OMog) = C, H
1(Mog,C) = 0 and H
0(Ω1Mog ,c) = 0.
Proof. We first prove H0(OMog) = C. Consider a point p ∈ M
o
g, then we can cut out a smooth
projective curve in Mog passing through it and any general point q ∈ M
o
g by using hyperplanes of
Mog ⊂ M
DM
g . In this way we cover M
o
g by H-curves. Then, any f ∈ H
0(OMog) is constant on any of
such curves and so constant on Mog.
Let Tg be the Teichmuller space of Riemann surfaces of genus g and consider the mapping class
group Γg. The proof of H
1(Mog,C) = 0 relies on the result about the abelianization of the mapping
class group Γg: it is trivial as soon as g ≥ 3 (see [Har83]). We recall that Tg is contractible and that
Γg acts properly discontinuously on Tg with quotient Mg. Let π : Tg → Tg/Γg =Mg be the quotient
map. Set T og = π
−1(Mog), and let π
o : T og →M
o
g be the restriction of π. The action of Γg on M
o
g is
free, and, for g ≥ 4, Tg \ T
o
g has codimension in Tg equal to g − 2 ≥ 2 and therefore the fundamental
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groups of T og and of Tg are isomorphic. It follows that π
o is the universal covering of Mog. Then
Π1(M
o
g, x0) ≃ Γg and H1(M
o
g,C) ≃ H
1(Mog,C) = 0.
Let η be be a closed holomorphic form on Mog. Then, by the above result, η is also exact, that is
there exists f such that η = df . Since η is holomorphic, f is a holomorphic function and thus it is
constant. Consequently, η = 0.

Corollary 3.4. Let τ :M ′ →M
DM
g be a resolution of singularities. Then H
0(Ω1M ′) = 0, H
1(OM ′) = 0
and H1(M ′,C) = 0.
Proof. Let η ∈ H0(Ω1M ′). Since M
′ is projective, then η is d-closed and so its restriction η|Mog to M
o
g
is d-closed, that is η|Mog ∈ H
0(Ω1Mog ,c). By Theorem 3.3, η|M
o
g
= 0 and then η = 0. Since M ′ is a
smooth we have also H1(OM ′) = H
0(Ω1M ′) = 0. 
3.2. H-surfaces.
From now on S will be a general H-surface in M
DM
g , i.e. it is a general complete intersection of 3g− 5
hypersurfaces whose class are suitable multiples of H. The surface S will be one the main actors in
the proof of Theorem 3.1. We now give a list of properties of S.
Proposition 3.5. A general H-surface S satisfies the following properties:
(a) S is smooth and contained in the open set of smooth points of M
DM
g .
(b) We have S ∩∆i = ∅ for i 6= 1 and E = S ∩∆1 is an effective divisor which is disjoint union of
smooth curves of genus g − 1.
(c) The canonical sheaf of S is ωS = OS
(
kH + 32E
)
with k > 0.
(d) We have H0(Ω1S) = 0.
(e) The morphism τ |S is birational, contracts E to a finite number of points, is an isomorphism
outside E and H ·E = 0.
In particular, S is a smooth regular surface in (Mog ∪∆1) \ Sing(M
DM
g ).
Proof. We recall that dim τ(∆i) = 3g−6 for i 6= 1 and dim τ(∆1) = 3g−5. The general point of ∆1 is
a curve B with one node and two smooth components given by an elliptic curve E and a smooth curve
C of genus g− 1 ≥ 4 that we can take without non-trivial automorphisms. Then τ(B) = E × JC and
the fiber of τ over this point, by Torelli’s Theorem, is described as the curves obtained by glueing E
and C at a point. Because of the translations on E we see that the fiber over E × JC has dimension
1 and can be identified by C. Consider the locus ∆1,s of singular points of M
DM
g , which lie on ∆1,
i.e. ∆1,s = Sing(M
DM
g ) ∩ ∆1. The generic point of ∆1,s is a curve E ∪ C as above with a node
P such that E has more than two automorphisms fixing P . It follows that dim∆1,s = 3g − 5 and
dim τ(∆1,s) = 3g − 6. Set
Y = τ(∆0 ∪∆1,s ∪∆2 ∪ · · · ∪∆∆[g/2] ∪ Sing(Mg)).
Then we have dimY = 3g − 6, i.e Y has codimension 3 in M
Sat
g .
(a) To prove that a general S is smooth, we can assume first τ(S) ∩ Y = ∅. It follows in particular
that S is disjoint from Sing(M
DM
g ). Moreover, since H is semiample on M
DM
g , the general S does not
have singularities by Bertini’s Theorem.
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(b)The argument above shows that for S general, S ∩ ∆i = ∅ for i 6= 1. As H
Sat is ample we have
that the image τ(S) needs to intersect τ(∆1) in a finite number of points q1, . . . , qr. Hence, S intersect
∆1 in a divisor, which we will denote by E, whose components are a finite number of disjoint smooth
curves of genus g − 1 (again one uses Bertini Theorem for the restriction τ |∆1). The divisor E is two
divisible since ∆1 is two divisible (see [ACG11]).
(c) As S is a complete intersection, by adjunction we have
ωS = OS

13H − 3
2
∆1 − 2
[g/2]∑
i 6=1
∆i +
3g−5∑
j=1
mjH

 = OS
(
kH +
3
2
E
)
where k > 0.
(d) Let f :M ′ →M
DM
g be a desingularization. Then, by Corollary 3.4, we have that H
1(OM ′) = 0.
LetH ′ be the pullback ofH with respect to f . As S is a complete intersection in (Mog ∪∆1)\Sing(M
DM
g )
we can realize S as a complete intersection in M ′ by using multiples of the big line bundle H ′. The
statement follows by this application of the Kawamata-Viewheg vanishing Theorem ([Kaw82]).
Let Z be a smooth variety of dimension dim(Z) ≥ 3 with h1(OZ) = 0 and let H be a big and nef
divisor on Z. Then, the general element Y ∈ |H| is smooth and is such that h1(OY ) = 0.
Indeed, starting from M ′ and cutting with multiples of H ′ to obtain S we have h0(Ω1S) = h
1(OS) =
· · · = h1(OM ′∩m1H′) = 0.
(e) The last statement follows immediately by the construction. 
3.3. Concluding the proof of Theorem 3.1.
The following result is the main technical tool.
Proposition 3.6. The sheaf Ω1S is OS(H)-liftable.
The proof of this proposition follows directly by applying Theorem 1.2 and the following Lemma.
Lemma 3.7. With the above notations, H0(Ω1S) ≃ H
0(Ω1S(mE)) = 0, for all m ≥ 0.
Proof. By Proposition 3.5(d) we have h0(Ω1S) = 0. So we only have to show that H
0(Ω1S) ≃
H0(Ω1S(mE)), for all m. We perform this in two steps: we prove first that H
0(Ω1S) ≃ H
0(Ω1S(E)) and
second that H0(Ω1S(mE)) ≃ H
0(Ω1S((m+ 1)E)) for m ≥ 1.
We start with the first claim. Consider the exact sequences
(I) : 0→ Ω1S → Ω
1
S(E)→ Ω
1
S(E)|E → 0
(II) : 0→ OE → Ω
1
S(E)|E → ωE(E)→ 0
By Proposition 3.5(c) and by adjunction we have
ωE = ωS ⊗OE(E) = OE
(
kH −
3
2
E + E
)
= OE
(
−
1
2
E
)
as H|S contracts E. Then ωE(E) = OE(
1
2E) has negative degree. Using this and the exact sequence
(II) we have that
H0(OE)
α
−→ H0(Ω1S(E)|E)
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is an isomorphism. Consider the sequence
(III) : 0→ Ω1S → Ω
1
S(log(E))
res
−→ OE → 0.
where Ω1S(log(E)) is the bundle of logarithmic differentials with poles along E. We have the following
commutative diagram given by (I), (II) and (III):
0 // H0(Ω1S)
  ι //
=

H0(Ω1S(logE))
//

H0(OE)
∂ //
α

H1(Ω1S)
=

0 // H0(Ω1S)
  // H0(Ω1S(E))
// H0(Ω1S(E)|E)
∂′ // H1(Ω1S)
Then we obtain ∂′ = ∂ ◦ α. One has to show that ∂′ is injective. Since E =
∑k
i=1Ei where the
components Ei are pairwise disjoint, we have H
0(OE) = ⊕
k
iH
0(OEi) and
∂′ :
k⊕
i
H0(OEi)→ H
1(Ω1S).
By (see [GH78, Pag. 458-459]) this is just obtained by the Atiyah-Chern class ([Ati57]) via residues
computation:
(a1, . . . , ak) 7→
∑
aic1(Ei).
The Ei are effective and disjoint divisors with negative self-intersection. It follows that their first Chern
classes are independent and hence that ∂′ and ∂ is injective. In conclusion ι : H0(Ω1S) →֒ H
0(Ω1S(E))
given by (I) is an isomorphism and 0 = h0(Ω1S) = h
0(Ω1S(E)).
We now prove the second part: for m ≥ 1, H0(Ω1S(mE)) ≃ H
0(Ω1S((m+1)E)). Consider the exact
sequences
(I)′ 0→ Ω1S(mE)→ Ω
1
S((m+ 1)E)→ Ω
1
S((m+ 1)E)|E → 0
(II)′ 0→ OE(mE)→ Ω
1
S((m+ 1)E)|E → ωE((m+ 1)E)→ 0
obtained from (I) and (II) respectively. We have seen that ωE = OE
(
−12E
)
, so both ωE((m+1)E) =
OE
((
m+ 12
)
E
)
and OE(mE) have negative degree for m ≥ 1. Then, H
0(Ω1S((m+1)E)|E) = 0. This
yields the desired result from exact sequence (I)′ and induction. 
We can now conclude the proof of Theorem 3.1.
Proof of Theorem 3.1. Let η ∈ H0(Ω1Mog). If η 6≡ 0, then for a general point p in M
o
g ηp ∈ Ω
1
Mog,p
is
not identically zero and so we can find v ∈ TpM
o
g such that ηp(v) 6= 0. Since S is a general H-surface
we can assume that S passes through p and that the tangent space of S at p contains v. Consider the
open subset U = S \ E. By construction, the restrition ηU of η to U defines a nontrivial element of
H0(Ω1S |U ). But now by Proposition 3.6 and Theorem 1.6, we have that H
0(Ω1S |U ) ≃ H
0(Ω1S), and by
Proposition 3.5(d), that H0(Ω1S |U ) = 0. This yelds to a contradiction. 
Remark 3.8. Notice that the assumption g ≥ 5 is necessary in order to have S smooth. Indeed, if
g = 4, the general S meets the hyperelliptic locus (which has codimension 2 in the moduli space) in a
finite number of points so the general S has a finite number of nodes as singularities. Nevertheless,
the theorem should follow just by blowing up the points. When g = 2, Mog = ∅ and when g = 3 one
has to remove the hyperelliptic divisor that is ample. The vanishing of all holomorphic forms on the
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open set of the smooth locus could still hold. Some analysis of the singularities and of the fixed points
for the action of the mapping class group is however necessary.
We now gives a strongly strengthening of Theorem 3.3.
Theorem 3.9. Let g ≥ 5 and let C be an H-curve in Mog. Let U ⊆ M
o
g be a connected open
neighborhood of C for the classical topology. Then, we have H0(Ω1U ) = 0.
Proof. Assume by contradiction thatH0(Ω1U ) 6= 0 and fix η ∈ H
0(Ω1U ), η 6= 0. Recall that C is complete
intersection of 3g − 5 general hypersurfaces in |aH|. More precisely we can find L ∈ G(|aH|, 3g − 5)
general such that ϕ−1|aH|(L) = C. Since being contained in U gives an open condition in G(|aH|, 3g−5)
(in the analytical topology), by moving L we can find U ′ with C ⊂ U ′ ⊆ U such that U ′ is covered by
H− curves and the tangent vectors of those curves span the tangent space of U ′ at the general point
p ∈ U ′. We can then find a general H-curve C ′ ⊂ U ′ corresponding to L′ ∈ G(|aH|, 3g − 5) such that
ηC′ 6= 0 where ηC′ ∈ H
0(Ω1C′) is the restriction of η. Then, the general element of G(|aH|, 3g − 4)
that contains L′ yields a smooth H-surface S that contains C ′ such that S ⊂ Mog. Let US be the
connected component of U ∩S that contains C ′. One has that the restriction ηUS ∈ H
0(Ω1US) of η is a
fortiori non zero. But Ω1S is L-liftable and, by Theorem 1.6, L-concave. Since we have C
′ ∈ |aH|, we
get 0 = H0(Ω1S) ≃ H
0(Ω1US). This implies ηUS = 0, which gives a contradiction. 
3.4. Holomorphic one-forms on moduli spaces of marked curves.
In this subsection we extend the result of Theorem 3.1 to the moduli space of marked curves. We
denote byMg,n the coarse moduli space of n-marked smooth projective curves of genus g. Denote by
Mog,n ⊂Mg,n the smooth locus of Mg,n. We prove the following.
Theorem 3.10. Let g ≥ 5. Then Mog,n has no holomorphic 1-forms for any n ≥ 0, that is
H0(Ω1Mog,n) = 0, for any n ≥ 0.
Proof. Consider the morphism fn :Mg,n →Mg,n−1 that forgets the last marked point, i.e.
fn : [C, p1, . . . , pn−1, pn] 7→ [C, p1, . . . , pn−1].
Set Ug,0 =M
o
g and Ug,n = (f
n)−1(Ug,n−1), for any n ≥ 1. Note that Ug,n ⊂M
o
g,n is a Zariski open set
parametrizing marked curves with trivial automorphism group. We now prove that H0(Ω1Ug,n) = 0,
for any n ≥ 0. From this it follows immediately that H0(Ω1Mog,n) = 0.
The proof is by induction on n. The case n = 0 is the content of Theorem 3.1. We now assume
that H0(Ω1Ug,n−1) = 0 and we prove that H
0(Ω1Ug,n) = 0.
For simplicity we define f to be the restriction of fn to Ug,n. Then, f : Ug,n → Ug,n−1 is a family of
smooth projective curves of genus g over a smooth variety of dimension 3g − 3 + (n− 1). Indeed, the
fibre f−1([C, p1, . . . , pn−1]) is naturally isomorphic to the curve C because C has trivial automorphism
group. Consider the short exact sequence of relative differentials
0 // f∗Ω1Ug,n−1
df
// Ω1Ug,n
// Ω1Ug,n/Ug,n−1
// 0.
Since f is a fibration the push-forward and the projection formula give the exact sequence
0 // Ω1Ug,n−1
df
// f∗Ω
1
Ug,n
// f∗Ω
1
Ug,n/Ug,n−1
∂ // R1f∗OUg,n ⊗ Ω
1
Ug,n−1
.
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We now show that ker(∂) = 0. Then, by induction we get 0 = H0(Ω1Ug,n−1) ≃ H
0(f∗Ω
1
Ug,n
) ≃ H0(Ω1Ug,n)
for all n ≥ 1, which ends the proof.
Fix x = [C, p1, . . . , pn−1, pn] ∈ Ug,n. We can describe ∂x as the homomorphism
∂x : H
0(ωC)→ H
1(OC)⊗ (Ω
1
Ug,n−1)x
since f∗Ω
1
Ug,n/Ug,n−1
is the Hodge bundle and R1f∗OUg,n is its dual. The forgetful map F : Ug,n →M
o
g
induce the sequence
0 // F ∗Ω1Mog
dF // Ω1Ug,n
// Ω1Ug,n/Mog
// 0
In x, we have (Ω1Mog)x = H
0(ω2C). Then we have an inclusion ι : H
0(ω2C) → (Ω
1
Ug,n−1
)x given by
dFx ◦ (F
∗)x. Note that, by construction, points in the fiber of f have the same image via F so the
Hodge bundle is constant along these fibers. Then we have a commutative diagram
H0(ωC)
µ∗
//
=

H1(OC)⊗H
0(ω2C)
id⊗ι

H0(ωC)
∂x // H1(OC)⊗ (Ω
1
Ug,n−1
)x
where the first row is obtained from the multiplication map H0(ωC)
⊗2 → H0(ω2C) and for this is
injective. Since ι was injective and ∂x = (id⊗ι) ◦ µ
∗, we obtain the injectivity of ∂x. Then ker(∂) = 0
as claimed.

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